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A critical plane-based high-cycle multiaxial fatigue criterion, known as the Carpinteri-Spagnoli (C-S) criterion, is here extended 
to evaluate the fatigue lifetime of plain metallic components under constant amplitude loading in the low/medium-cycle regime. 
An equivalent strain amplitude, computed through a quadratic combinations of strain components in the critical plane, is taken as 
the fatigue damage parameter.  A validation by experimental data pertaining the biaxial fatigue of plain steel specimens under 
both proportional and non-proportional loadings is performed. 
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Engineering metallic structural components are often exposed to complex time-varying loading during their 
service life.  In the literature, there is a wealth of multiaxial fatigue criteria aiming at offering to practitioner 
engineers sound tools to deal with the fatigue design of real structures under multiaxial loading (e.g. see Refs [1,2]). 
The criteria to estimate multiaxial fatigue lifetime in the low-cycle regime can typically be divided in three 
categories: strain-based methods, strain/stress-based methods and energy-based methods [1,3]. 
As far as strain-based methods are concerned, the early work of Brown and Miller [4,5] firstly pointed out that 
multiaxial fatigue damage is driven by the normal and shear strain components acting on the crack nucleation planes. 
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According to Socie and Fatemi, two different multiaxial criteria were proposed in dependence on the cracking 
behaviour of the material and hence on the definition of the critical plane orientation: if crack nucleation is Mode II 
dominated, fatigue lifetime is estimated by using the torsional Manson-Coffin curve [6].  On the other hand, if the 
cracking behaviour is Mode I governed, Fatemi and Socie [7] proposed to perform fatigue lifetime estimation using 
the uniaxial Manson-Coffin curve and the SWT parameter [8] to account for the mean stress effect. 
Carpinteri and co-workers [9] proposed the original version of the high-cycle multiaxial fatigue criterion, known 
as the Carpinteri-Spagnoli (C-S) criterion, based on a stress formulation in conjunction with a critical plane approach 
(see Ref. [10] for a general account of the criterion).  Additional aspects of the above criterion are discussed in Refs 
[11,12]. 
In the present paper, the C-S criterion is extended to evaluate the fatigue lifetime of plain metallic structures 
under constant amplitude loading in the low/medium-cycle regime. A validation by experimental data [13,14] 
pertaining the biaxial fatigue of plain steel specimens under both proportional and non-proportional loadings is 
performed. 
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The critical plane orientation is here assumed to be Mode II dominated.  Accordingly, the critical plane is defined as 
the plane where the shear strain amplitude is maximum '&.*! (the expression ‘on average’ refers to the fact 
that the frame of principal strain directions is in general time-varying, and hence the attached plane(s) of maximum 
shear strain can be defined only in an average sense). 
In a general case of a fatigue strain state at a material point P, the direction cosines of the principal strain 
directions 1, 2 and 3 (with )()()( 321 ,,, HHH tt ) at a certain time instant can be obtained from the time-varying strain 
tensor )(,İ .  The orientation of the time-varying frame of reference, 123P , with respect to a fixed one can be 
represented through three independent parameters, named ‘principal Euler angles’, \TI  , , . 
The averaged positions, 2ˆ,1ˆ  and 3ˆ , of the principal strain directions are computed through the values \TI ˆ ,ˆ ,ˆ  of 
the principal Euler angles determined by averaging the instantaneous values )( ,)( ,)( ,,, \TI , namely: 
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where  is the observation time interval (which corresponds to the period, in the case of constant-amplitude cyclic 
loading).  The weight function )(,  is given by: 
> @max,11 )()( HHG  ,,  (2) 
where >@.G  is the Dirac function and max,1H  is the maximum value (during a loading cycle) of 1H . 
The orientation of the critical plane is here defined by an off-angle, formed by the normal /  to such a plane ( /  
belongs to the principal plane 3ˆ1ˆ ) and the averaged direction 1ˆ : such an off-angle is assumed to be equal to 4/S .  
The underlying physical reasoning is to consider, in the case of low-cycle fatigue, the critical plane as coincident '&
.*! with the plane of maximum shear deformation, which is typically regarded as the nucleation plane [4]. 
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The displacement vector Ș  related to the critical plane is expressed as follows: 
"İȘ )(,   (3) 
where "  is the unit vector normal to the critical plane.  The normal ( " ) and tangential (  ) components of Ș  
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with respect to the local coordinate system -./   are hence given by the following expressions: 
 "Ș""" "  İ   ,  "Ș  "   J  (4) 
where "İ  is the normal strain related to the critical plane, and " J  is the shear strain related to the - and / 
directions.  The unit vector   is on the intersection line between the critical plane and the plane defined by the 
normal vector " and the 2 -axis (the unit vector !  is normal to   so that -./  represents a right-hand orthogonal 
system). 
The direction of the normal displacement vector "  is time-invariant, so that the normal strain amplitude in the 
loading cycle is given by the following expression: 
)(min)(max
00,
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On the other hand, the direction of the tangential displacement vector   is time-varying, and hence the shear strain 
amplitude can be obtained from a min-max procedure, in line with the minimum bounding circle method of 
Papadopoulos [15]. 
By taking full advantage of the Manson-Coffin equation, the fatigue strength assessment is here proposed to be 
performed through the following expression, where the left-hand term corresponds to an equivalent normal strain 
amplitude ),H  acting on the critical plane : 
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The number    of loading cycles to failure can be worked out by solving Eq. 6 with an iterative procedure. 
#$#
Now the experimental data reported in Socie et al. [13] and Fatemi and Stephens [14] are analysed.  Plain hollow 
cylindrical specimens were tested under combined normal and shear strains. The samples were made of 1045 Steel 
or Inconel 718, and different values of the amplitude ratio 22, ,, HJO   were applied.  The phase angle between 
normal and shear strain was equal to E. 
Figure 1 shows the multiaxial fatigue life experimental data plotted by considering the proposed equivalent strain 
acting on the critical plane.  The solid curves are related to the experimental Manson-Coffin curve of uniaxial 
loading. 
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Fig. 1. Fatigue life experimental multiaxial data plotted in terms of the proposed equivalent strain: (a) 1045 steel; (b) Inconel 718. 
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Fig. 2. Comparison of experimental and theoretical multiaxial fatigue life. 
 
Figure 2 summarizes the comparison between experimental data and theoretical estimations in terms of fatigue 
life.  A good agreement can in general be observed. 
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In the present paper, the extension to low-medium cycle regime of a high-cycle multiaxial fatigue criterion, 
known as the C-S (Carpinteri-Spagnoli) criterion, is discussed.  The criterion, initially based on stress components, 
is here reformulated by considering a combination of normal and shear strain components acting on the critical 
plane.  The comparison with some experimental data related to strain-controlled fatigue tests of plain metallic 
specimens under biaxial tension-torsion appears to be satisfactory. 
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